Hamiltonian of the spin-S Ising model with a single-ion
anisotropy term in the presence of a longitudinal magnetic field

This text is part of section 3 of Ref. [1].

The Hamiltonian of the spin-S Ising model with a single-ion anisotropy term in the
presence of a longitudinal magnetic field is[2]

N
Hy = [J'S;S;, —WS;+D'(S7)], (1)
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where (52, 5¥, S7) are the components of the spin S operator with norm: ||S]|2 = S(S+1),
S = %, 1, %, 2,---, at the i-th site at the chain. .J’ is the exchange strength and it can
have negative value (ferromagnetic model) or positive value (anti-ferromagnetic model).
In Refs. [2] and [3] we studied the exact thermodynamics of this model for S = £ and 1,
respectively.

The classical version of model (1) is obtained by taking the limit of § — oo. If
this limit is done directly in Hamiltonian (1) all the classical thermodynamic functions
diverge. In order to keep the classical functions finite, we study the normalized version of

the Hamiltonian (1), that is,
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with s7 being the z-component of the spin operator s that has norm 1. The § operator is

defined as
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Making S — oo in the Hamiltonian (2) we obtain its classical limit.
The Hamiltonians (1) and (2) are identical when

s
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S 27 7277 (3)

J=5(S+1)J, h=+/5S+ 1)K and D =S(S+1)D (4)

with $ =1 1,22 ...
Let ZL(J', W', D'; B) be the partition function derived from Hamiltonian (1),

ZL(J W, D3 B) = Ty 5] (5)
Its HFE, in the thermodynamic limit, is called W, where
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We(J', 1, D' B) = — lim — = In[Z5(J", b, D"; B)]. (6)
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The analogous functions for the normalized Hamiltonian (2) are

Z,(J,h, D; B) = Tr [e "] (7a)
and
W, D) = = lim - 5 In[Z.(0.h D5 ). (7b)

For arbitrary spin value S, the relation between the HFE’s (6) and (7b) is

WL W, D' B) = Wi(S(S +1).J",3/S(S + 1), S(S +1)D'; 3). (8)

We calculate the (-expansion of W(J, h, D; [3), for arbitrary value S of the spin, up to
order 3'7. The relation (8) can be applied to obtain the S-expansion of W(J', h', D’; 3)
from the expansion of Ws(J, h, D; 3).

We should note that this f-expansion is valid for positive, null or negative values of
J, and for arbitrary values of S, h and D. The HFE of the classical model of Hamiltonian
(2) is calculated from the [-expansion of Wy(J, h, D; ) by taking the limit of S — co.

In the link: http://www.proac.uff.br/mtt/thermodynamics-low-dimensional
-systems/Helmholtz-free-energies-1ist, in this web page, we have the data files with

the quantum (arbitrary spin-S) and the classical HFE’s of the normalized Hamiltonian
(2) up to order 3'7.
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