
The hamiltonian of the tetrahedral spin-1/2 model

This text is part of section II of Ref.[1].

The hamiltonian of the tetrahedral spin-1/2 model (see Fig. 1 of Ref.[1]) is

Ht =
N

∑

i=1

{

J0(σi, τi)1 + J [(σi, σi+1)∆

+ (σi, τi+1)∆ + (τi, σi+1)∆ + (τi, τi+1)∆]

− h(σz
i ⊗ 1τ + 1σ ⊗ τ z

i )
}

. (1)

Along the ρ-line of the dumb-bell we have the spin-1/2 σi whereas along the r-line we have
the distinct spin-1/2 τi. We use the notation: (Al, Bk)∆ ≡ Ax

l ⊗Bx
k +A

y

l ⊗B
y

k +∆Az
l ⊗Bz

k,
with Al ≡ (Ax

l , A
y

l , A
z
l ) and Bk ≡ (Bx

k , B
y

k , B
z
k) to introduce the anisotropy in the z-

direction. We impose periodic boundary conditions to the hamiltonian (1).
Hamiltonian (1) is a modified version of model B of Ref. [2] with r1 = ρ1 and r2 = ρ2.

We introduce an anisotropy in the z-direction in the crossing interactions as well as in the
interaction between first neighbours (see Fig. 1 of Ref.[1]). It is also a special case of the
generalized spin ladder proposed by Kolezhuk and Mileska[3]to interpolate some quasi-
one-dimensional gapped models. Hamiltonian (1) is the special case: J2 = J3 = J4 of the
hamiltonian in Ref.[4] that describes a frustrated spin ladder with diagonal couplings.

Defining the composite spin ~Si at each site as

~Si = ~σi ⊗ 1τ + 1σ ⊗ ~τi, (2)

with 1σ being the identity in the σ-space and 1τ being the identity in the τ -space, it is
simple to realize that the tetrahedral spin-1/2 model (1) is mapped into the chain model

Ht =
N

∑

i=1

{

−
3

4
J014×4 +

J0

2
S2

i

+J [S+
i S−

i+1 + S−
i S+

i+1 + ∆Sz
i S

z
i+1] − hSz

i

}

,

(3a)

where S±
i ≡

1√
2
(Sx

i ± iS
y
i ) and S2

i ≡ ~Si ·
~Si. The matrices in hamiltonian (3a), written in

the basis of the eigenstates of Sz
i and S2

i , are

S2
i =









2 0 0 0
0 2 0 0
0 0 2 0
0 0 0 0









i

, Sz
i =









1 0 0 0
0 0 0 0
0 0 −1 0
0 0 0 0









i

, (3b)

S+
i =









0 1 0 0
0 0 1 0
0 0 0 0
0 0 0 0









i

, S−
i =









0 0 0 0
1 0 0 0
0 1 0 0
0 0 0 0









i

. (3c)

1



The model described by hamiltonian (3a) is also subject to a periodic boundary condition.
In matrices (3b) and (3c) we recognize the sectors S = 0 (singlet state) and S = 1 (triplet
state) that come from the composite spin (2).

The method developed in Ref. [5] can be directly applied to the hamiltonian (3a) to
obtain its thermodynamics in this region of temperature. The advantage of describing the
tetrahedral spin-1/2 model in Fig. 1 of Ref.[1] by hamiltonian (3a) is that of recognizing
a one-dimensional composite spin model that has already been studied in the literature[2,
6, 7].
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