
Hamiltonian of the quantum and classical Ising model with
skew magnetic field

This text is part of section 2 and Appendix B of Ref. [1].

Upon a suitable choice of the coordinates axes, the hamiltonian of the one-dimensional
quantum Ising model with arbitrary normalized spin S and constant external magnetic
field with arbitrary orientation is
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where sy
i and sz

i stand for the y and z components, respectively, of the arbitrary normalized

spin operator, defined as ~si ≡ ~Si√
S(S+1)

, i ∈ {1, 2 · · ·N}. The components of ~Si are the

spin S matrices, with norm ||~S||2 = S(S + 1), S = 1/2, 1, 3/2, · · ·∞.
The chain has N spatial sites and satisfies periodic spatial boundary conditions. The

coupling strength J between first-neighbor z-components of spin can either be positive
(antiferromagnetic case) or negative (ferromagnetic case). Due to the rotational symmetry
of the hamiltonian with respect to the z-axis (the easy-axis), the most general constant
external magnetic field that we must consider is: h = hy ̂ + hzk̂, where hy and hz are
constants.

By taking the limit S → ∞ in Eq. (1) we recover the classical version of the model;
its corresponding thermodynamics is finite. When Eq.(1) is written in terms of the non-
normalized operators Sy

i and Sz
i , the coupling constant becomes J ′ = J/S(S + 1) and the

components of the magnetic field are h′

y = hy/
√

S(S + 1) and h′

z = hz/
√

S(S + 1)[2, 3].

The classical limit of the Ising model with normalized arbitrary spin and skew constant
magnetic field is obtained by replacing in hamiltonian (1) the components of normalized
spin operators by their respective classical expressions

sy
i = sin(θi) and sz

i = cos(θi), (2)

where θi is the angle between the normalized spin vector and the z axis (the easy-axis).
Due to the rotational symmetry of the model with respect to this axis, θi ∈ [0, π/2]
and i = 1 . . . N . Substituting the relation (2) in hamiltonian (1), we obtain its classical
version,

Hclass =
N

∑

i=1

[J cos(θi) cos(θi+1) − hy sin(θi) − hzcos(θi)] , (3)

where hy and hz are arbitrary constants.
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